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Abstract: We study N = 4 super Yang-Mills theory on the Coulomb branch (cSYM) in
the strong coupling limit by using the AdS/CFT correspondence. The dual geometry is
the rotating black 3-brane Type IIB supergravity solution with a single non-zero rotation
parameter r0 which sets a fixed mass scale corresponding to the scalar condensate < O >
∼ r40 in the Coulomb branch. We introduce a new ensemble where T and r0 are held
fixed. We compute the equation of state (EoS) of N = 4 cSYM at finite T , as well as
the heavy quark-antiquark potential and the quantized mass spectrums of the scalar and
spin-2 glueballs at T = 0. By computing the Wilson loop (minimal surface) at T = 0, we
determine the heavy quark-antiquark potential V (L) to be the Cornell potential, which is
confining for large separation L. At T 6= 0, we find two black hole branches: the large
black hole and small black hole branches. For the large black hole branch, that has positive
specific heat, we find qualitatively similar EoS to that of pure Yang-Mills theory on the
lattice. For the small black hole branch, that has negative specific heat, we find an EoS
where the entropy and energy densities decrease with T . Moreover, we argue that the small
black hole branch is dynamically stable, i.e., it doesn’t suffer from Gregory and Laflamme
(GL) instability. Finally, we propose a formula which relates the Hawking radiation rate
from the large black hole branch (at T = Tfreez−out = Tmin) with the thermal hadron
emission rate in N = 4 cSYM plasma (at T = Tfreez−out = Tmin). Our formula, in the
hydrodynamic limit, reduces to Cooper-Frye formula in the local rest frame, and is also
applicable to other confining gauge theories.
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1 Introduction
The AdS/CFT correspondence [1–3] has opened a new window to the strongly coupled
regime of gauge theories such as N = 4 super Yang-Mills (SYM). Unfortunately, so far,
we luck an exact string theory dual to QCD even though there are various works which
explored different non-conformal deformations of N = 4 SYM both on the top-down (where
both the details of the deformation of N = 4 SYM and its string theory dual are known)
[4–12], and bottom-up approaches (where the details of the deformation of N = 4 SYM
and its string theory dual are unknown) [13–16, 16–25].
In N = 4 SYM on the Coulomb branch (cSYM) at zero temperature, a scale is intro-
duced dynamically through the Higgs mechanism where the scalar particles Φi (i=1...6) of
N = 4 SYM acquire a non-zero vacuum expectation value (VEV) that breaks the conformal
symmetry, and the gauge symmetry SU(Nc) to its subgroup U(1)
Nc−1 without breaking
the supersymmetry, and without resulting in a running of the coupling constant [19]. At
finite temperature, the mechanism is the same except the fact that supersymmetry will be
broken as well.
The string theory dual for N = 4 cSYM at zero temperature is well known. Among
various Type IIB supergravity background solutions that are dual to the strongly coupled
N = 4 cSYM at zero temperature [19–22], in this Letter, we will study a Type IIB su-
pergravity background solution that describes non-extremal rotating black 3-branes (with
mass parameter m and single rotational parameter r0) which, in the extremal limit, i.e.,
r0  m1/4, is dual to N = 4 SYM on the Coulomb branch at zero temperature that
arises from Nc D3-branes distributed uniformly in the angular direction, inside a 3-sphere
of radius r0 [20].
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So far the studies of the non-extremal rotating black 3-brane supergravity backgrounds
has been limited to the grand canonical ensemble (which is described by fixed tempera-
ture T and angular velocity Ω or chemical potential µ), and canonical ensemble (which
is described by fixed temperature T and angular momentum density J or charge density
< J0 > = ρ), see [26–35, 48]. The two ensembles have different physics, for example, in
planar rotating black 3-branes, Hawking-Page phase transition does not exist in the grand
canonical ensemble even though it does exist in the canonical ensemble [30, 35].
In this paper, we will introduce a new ensemble which is described by a fixed temper-
ature T and an energy scale Λ which is directly related to the rotation parameter r0 of the
rotating black 3-brane background through Λ ≡ r0
piR2
where R is the radius of the AdS5
space. From the field theory side the energy scale Λ is related to the expectation value of
dimension 4 operator O = TrΦi1Φi2Φi3Φi4 , that is, < O >∼ limr→∞
√−ggrr∂rh ∼ Λ4 of
the massless metric fluctuation h = g¯µνhµν = 1−g¯µνgµν , where g¯µν is the metric component
of pure AdS5 × S5 space while gµν is our 10-dimensional metric (5.1) [19].
The outline of this paper is as follows: In section 2, we study the thermodynamics of
rotating black 3-brane solution where a single rotation parameter r0 is turned on. In section
3, we compute the heavy quark-antiquark potential V (L) of N = 4 cSYM. In section 4,
we study the mass spectrum of glueballs in N = 4 cSYM. In section 5, we examine the
stability of the small black hole branch in N = 4 cSYM. Finally, in section 6, we propose
a holographic mechanism for hadronization in confining gauge theories, and give a formula
which computes the number of hadrons emitted from N = 4 cSYM plasma or any other
plasma of a confinig gauge theory.
2 Thermodynamics of N = 4 cSYM plasma
The rotating black 3-brane solution of the 5-dimensional Einstein-Maxwell-scalar action
found from the U(1)3 consistent truncation of Type IIB supergravity on S5 [37, 38], see
also [39? , 40], is given by
ds2(5) =
r2
R2
H1/3
(
− f dt2 + dx2 + dy2 + dz2
)
+
H−2/3
r2
R2
f
dr2 , (2.1)
where
f = 1− r
4
h
r4
H(rh)
H(r)
, H = 1− r
2
0
r2
, (2.2)
ϕ1 =
1√
6
lnH , ϕ2 =
1√
2
lnH ,
A1t = i
r0
R2
r2h
√
H(rh)
r2H(r)
,
r2h =
1
2
(
r20 +
√
r40 + 4m
)
, (2.3)
κ =
r20
r2h
, m is the mass parameter, and A2t = A
3
t = 0. Note that our metric (2.1) is
equivalent to the metric used in [33] after analytically continuing r0 → −i√q. We should
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Figure 1. Hawking temperature (2.4).
also note that having an imaginary gauge potential, in our ensemble, is not a problem,
since all physical quantities in the 5-dimensional spacetime are given in terms of (∂rA
1
t )
2.
The Hawking temperature T of the black hole (rotating black 3-brane) solution (2.1)
is given by
T
Λ
=
1− 12κ√
κ− κ2 , (2.4)
where T0 =
rh
piR2
, Λ = r0
piR2
, and κ =
r20
r2h
= Λ
2
T 20
. We have plotted TΛ in Fig. 1. We can also
invert (2.4) to find
κ =
1 + T
2
Λ2
(
1∓
√
T 2
Λ2
− 2
)
1
2 + 2
T 2
Λ2
. (2.5)
Note that in (2.5) ” − ” corresponds to large black hole branch and ” + ” corresponds to
small black hole branch.
The entropy density s(T,Λ), for our ensemble where T and Λ are held fixed, is given
by
s(T,Λ) =
AH
4G5V3
=
1
4G5
√
gxx(rh)gyy(rh)gzz(rh)
=
pi2N2c T
3
0
2
(1− κ)1/2 , (2.6)
where G5 = piR
3/2N2c , and V3 is the three-dimensional volume. And, the corresponding
free energy density f(T,Λ) of our ensemble can be determined by integrating the entropy
– 3 –
1.4 1.5 1.6 1.7 1.8 1.9 2.0 2.1
-15
-10
-5
0
TΛ
fΛ4 Nc2 (Small BH)
fΛ4 Nc2 (Large BH)
Figure 2. The free energy density fΛ4N2c
of N = 4 cSYM plasma (2.7) for the large and small black
holes.
density s(T,Λ) as [9, 12]
f(T,Λ) = −
∫ rh
rhmin
dT ′
dr′h
s(r′h,Λ)dr
′
h
= −pi
2N2c T
4
0
8
(1− κ− 3
4
κ2 − κ2 log( 2
κ
− 2)) , (2.7)
where we choose rhmin =
√
3
2r0, and set the integration constant f(Tmin,Λ) = 0. Note
that it is possible to find the free energy f by simply integrating the entropy density s
because the source h = g¯µνhµν to < O > ∼ Λ4 is normalized to vanish at the boundary.
We have plotted the free energy density f(T,Λ) (2.7) in Fig. 2.
The other thermodynamic quantities can be determined from the free energy density
f(T,Λ) (2.7) as: pressure p = −f , energy density  = p+ Ts, specific heat CΛ = T
(
∂s
∂T
)
Λ
,
and speed of sound c2s =
∂p
∂ =
s
CΛ
. We have plotted the thermodynamics quantities in
Fig. 3, Fig. 4, Fig. 5, Fig. 6. To compare our results with pure Yang-Mills theory on the
lattice and improved holographic QCD see Fig.5-9 in [12].
3 Cornell potential in N = 4 cSYM
The Nambu-Goto (NG) action is
SNG =
∫
dτdσL(hab) = − 1
2piα′
∫
dτdσ
√
−det hab , (3.1)
where the background induced metric on the string hab = gµν∂ax
µ(τ, σ)∂bx
ν(τ, σ). Using
the embedding (τ, σ)⇒ (t(τ, σ), 0, 0, x(τ, σ), r = σ), the background induced metric hab(x′)
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Figure 3. The energy density T 4 , entropy density
3
4
s
T 3N2c
, and pressure 3pT 4N2c
of N = 4 cSYM
plasma for the large and small black holes.
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Figure 4. The trace anomaly −3pT 4N2c of N = 4 cSYM plasma for the large and small black holes.
becomes (′ ≡ d/dσ)
hττ (x
′) = gtt ,
hσσ(x
′) = grr
(
1
1 + C
2
gxxgtt
)
, (3.2)
where we used
(x′)2 =
−C2grr
g2xxgtt
1(
1 + C
2
gttgxx
) . (3.3)
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Figure 5. The specific heat CΛ of N = 4 cSYM plasma for the large and small black holes.
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Figure 6. The speed of sound c2s of N = 4 cSYM plasma for the large and small black holes.
which is the solution of the NG equation of motion, and the integration constant C is
related to the conjugate momenta Π = ∂L∂x′ = − C2piα′ .
Considering a string configuration where a heavy quark is attached to each ends of the
string, we can extract the potential energy V (L), of the two quarks separated by length L,
from the on-shell Nambu-Goto action SNG as
V (L) =
−2SNG
T , (3.4)
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where
−2piα
′
T SNG =
∫ ∞
rm
dr
(√
−det hab(x′)−
√
−det hab(0)
)
−
∫ rm
rh
dr
√
−det hab(0) , (3.5)
and rm is related to L through the boundary condition
L
2 =
∫∞
rm
x′ dr, and we also fix the
integration constant C by demanding x′ |r=rm→ ∞ which is satisfied only when C2 =
−gtt(rm)gxx(rm). Note that we have a factor of 2 in (3.4) because our gauge covers only
half of the full string configuration which accounts to only half of the full potential energy
between the quarks, see [41] for discussion on how to compute V (L) in the x(r) gauge
instead of the widely used r(x) gauge of [54].
For r  rm, after approximating hσσ(x′) ∼= hσσ(0) = grr,
V (L) ' − 1
piα′
∫ rm
r0
dr
√
−det hab(0)
' −2
√
λ
3pi
1
L
+
pi
√
λΛ2
4
L+
5
√
λΛ
6
+O(r40) , (3.6)
where we used L2 =
∫∞
rm
x′ dr ∼= 13 R
2
rm
with x′ ∼= gxx(rm)gxx
√
grr
gxx
∼= r2mR2r4 for r  rm, and we
have set rh = r0 and f = 1 in the extremal limit.
In [20], the heavy quark-antiquark potential energy V (L) was computed for the 10-
dimensional background metric (5.1) after analytically continuing t → −it and in the
extremal limit where rh = r0 or f˜ = f = 1 case. The authors have shown that, for
θ = pi2 , V (L) smoothly interpolates between a Coulombic potential V (L) = −2Γ(3/4)
2
√
λ
Γ(1/4)2
1
L
for small L and a confining potential V (L) = pi
√
λΛ2
2 L for large L. See curve (b) in Fig.5
of [20]. Their numerical result agrees qualitatively with our analytic result (3.6) on the
5-dimensional metric (2.1).
4 Glueballs in N = 4 cSYM
It can easily be shown that bulk fluctuations in the 5-dimensional metric (2.1), at least
in the near boundary limit where the metric is essentially AdS5 space with IR cut-off at
r = r0, have mass-gap and quantized mass spectrum proportional to Λ =
r0
piR2
.
In [20], it was shown that a scalar bulk fluctuation in a 10-dimensional metric (5.1), af-
ter analytically continuing t→ −it, indeed has mass gap proportional to Λ and a quantized
mass spectrum M2n = 4pi
2Λ2n(n + 1), see Eq.54 in [20]. Since, a scalar bulk fluctuation
in (5.1) has the same 5-dimensional bulk equation of motion as in [20] which is the Jacobi
equation, we can use this result to calculate the mass spectrum of glueballs in N = 4
cSYM.
The transverse gravitational tensor fluctuation hxy(t, z, r) in the 10-dimensional metric
(5.1), which is a source to dimension 4 stress-energy tensor operator T yx , also has the same
5-dimensional bulk equation of motion as the scalar field which is the Jacobi equation.
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Therefore, we can infer that the operator T yx which corresponds to spin-2 glueballs of
JPC = 2++ [55] has mass spectrum given by M2n = 4pi
2Λ2n(n+ 1) for n = 1, 2, ....
The real and imaginary parts of the bulk fluctuation of a massless complex scalar field
Φ = e−φ + iχ, in the 10-dimensional metric (5.1), are sources to the dimension 4 scalar
operators O4 = Tr F 2 and O˜4 = Tr F ∧ F , respectively [56], and its 5-dimensional bulk
equation of motion is the Jacobi equation. Therefore, O4 and O˜4 which correspond to
the scalar glueballs of JPC = 0++ and JPC = 0−+, respectively, have a degenerate mass
spectrum given by M2n = 4pi
2Λ2n(n+ 1) for n = 1, 2, ....
5 Dynamical stability of the small black hole branch in N = 4 cSYM
Sufficiently small black hole with spherical horizon in AdS5 × S5 suffers a Gregory and
Laflamme (GL) instability [43] for rh  R where R is the radius of the compact extra
dimensions S5 [44–46]. The presence of GL instability in sufficiently small black hole with
spherical horizon is expected since in the rh  R limit the small black hole resembles
an unstable 10-dimensional Schwarzschild black hole where the extra dimensions are 5-
dimensional flat space R5 [44].
However, our small black hole with planar horizon in (5.1) does not suffer a GL insta-
bility because in the R rh < rhmin =
√
3
2r0 limit the small black hole resembles a stable
10-dimensional Schwarzschild black hole where the extra dimensions are 5-dimensional
compact space with radius R  rh < rhmin =
√
3
2r0, i.e., the GL instability is stabilized
due to the compactification of the extra dimensions [43].
In the following, we will explicitly show that the small black hole in (5.1) is dynamically
stable. In order to do that, according to [45, 46], it is sufficient to show that there is no
zero mode with the angular momentum number ` = 1 on S5, that is, there is no solution
for the equation of motion of a scalar mode, such as dilaton φ or transverse gravitational
tensor fluctuation hxy , in our rotating black brane background (5.1) which also satisfies the
quasi-normal mode boundary conditions (which are regularity at the horizon r = rh, and
normalizablity at the boundary r =∞) at zero frequency and momentum (i.e., ω = 0, and
k = 0).
The rotating black 3-brane metric is given by [19, 20, 32]
ds2(10) =
r2
R2
H˜1/2
(
− f˜ dt2 + dx2 + dy2 + dz2
)
+
H˜1/2H−1
r2
R2
f
dr2 +R2
(
H˜1/2dθ2 +HH˜−1/2 sin2 θdφ2
+ H˜−1/2 cos2 θdΩ23
)
+ 2A1tHH˜
−1/2R2 sin2 θdtdφ , (5.1)
where
H˜ = sin2 θ +H cos2 θ , and f˜ = 1− r
4
h
r4
H(rh)
H˜(r)
, (5.2)
f and H are the same as in (2.1). Our 10-dimensional metric (5.1) is equivalent to Eq.30
of [47] with a21 ≡ r20, a22 = 0, a23 = 0, U =
r
α′
, Rthere =
Rhere
α′
, and re-writing (5.1) in terms
of U0 ≡ m1/4.
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The equation of motion for the dilaton φ (which is similar to the equation of motion
for the transverse gravitational tensor fluctuation hxy) on the 10-dimensional background
matric (5.1) with the angular momentum number ` = 1 on S5, ω = 0, and k 6= 0 has
been studied in [47] in a different context, see Eq.55 in [47]. Note that a21 ≡ r20, a22 = 0,
and a23 = 0 is the case we are interested in Eq.55 of [47]. They have shown, using WKB
method, that one can find a solution to Eq.55 in [47] which is regular at the horizon and
normalizable at the boundary only for discrete values of k given by (see Eq.59 in [47] with
a21 ≡ r20, a22 = 0, a23 = 0, uH = U2H ≡ r2h, u1 = a21 ≡ r20, u2 = 0, and m ≡ n)
− k2 = pi
2r2h
R4K(κ)
n
(
n+ 2 +
√
κ
1− κ
)
, n ≥ 1 , (5.3)
where K(κ) =
∫ pi/2
0
dθ√
1− κ sin2 θ
is the complete elliptic integral of the first kind, and
κ =
r20
r2h
as usual.
One can easily see from (5.3) that for any physical values of κ < 1 or rh > r0, the
momentum k 6= 0. This implies that there is no solution to the dilaton equation of motion
with ω = 0, k = 0, and ` = 1 that is regular at the horizon and normalizable at the
boundary. Hence we conclude that there is no dynamical (GL) instability for the small
black hole branch in (5.1).
For ` = 0, we already know that the small black hole branch of R-charged black branes
are dynamically stable since the imaginary part of their quasi-normal modes computed in
[48] are always negative, see Fig.5 and Fig.9 in [48].
6 Holographic hadronization
We propose the following formula to compute the number of thermal hadrons emitted per
unit volume in the local rest frame from N = 4 cSYM plasma at freez-out temperature
T = Tfreez−out ≡ Tf
(2pi)3
dΓhadron
d3k
≡ 1
σ(0)
dΓHawking
d3k
, (6.1)
where [49]
(2pi)3
dΓHawking
d3k
=
σ(ω,k)
eω/Tf ∓ 1 , (6.2)
is the Hawking radiation rate of the large black hole at freez-out temperature T = Tf
(where the freez-out temperature Tf = Tmin =
√
2Λ, for N = 4 cSYM plasma, can be
determined experimentally), σ(ω,k) is the cross-section for a hadron (bulk fluctuation)
of energy ω and momentum k coming in from infinity to be absorbed by N = 4 cSYM
plasma at freez-out temperature T = Tf , and σ(0) ≡ σ(ω = 0,k = 0). The absorption
cross-section σ(ω,k) is given by
σ(ω,k) = −16piG5
ω
ImGR(ω,k) , (6.3)
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where GR(ω,k) is the retarded two-point function of an operator O corresponding to the
hadron, [50]
GR(ω,k) = −i
∫
d4xe−ikxθ(t)〈[O(t,x),O(0, 0)]〉 , (6.4)
which can be computed using the dictionary of AdS/CFT correspondence in real-time
[51, 52]. For example, for spin-2 glueballs O = T yx is the energy-momentum tensor operator
with a source transverse metric bulk fluctuation (graviton) hxy . Also note that σ(ω,k) ∼
O(N0c ) in the large Nc limit, i.e., the large black hole at freez-out temperature Tf emits
colorless states (hadrones).
In the hydrodynamic limit ω  Tf , (6.1) reduces to the Cooper-Frye formula in the
local rest frame (Bose or Fermi distribution), see Eq.A1 of [53],
(2pi)3
dΓhadron
d3k
' 1
eω/Tf ∓ 1 , (6.5)
where ω2 = M2h + |k|2, Mh is the mass of the hadron, and k is its momentum.
We would like to emphasize that in the presence of local thermal equilibrium with
temperature distribution T (t,x), the 3-dimensional volume integral of (6.1), i.e.,
(2pi)3
dΓhadron
d3k
=
1
σ(0)
σ(ω,k)
eω/Tf ∓ 1d
3x , (6.6)
should be carried out on the freez-out hypersurface defined by T (tfreez−out,xfreez−out) =
Tf . Note that the absorption cross-section σ(ω,k) or the retarded two-point function
GR(ω,k) should be evaluated in the large black hole branch at the freez-out temperature
T = Tf = Tmin =
√
2Λ.
In other holographic models to QCD where there is no small black hole branch (such as
hard-wall and soft-wall models), or where there is a small black hole branch with negative
pressure (such as improved holographic model of QCD [12], one can still calculate thermal
hadron emission rate using (6.6) with Tf = Tc. Actually, this is the same prescription
used in hydrodynamic models of hadronization where the Cooper-Frye formula (6.5) (in
the boosted frame with Tf = Texperiment) is used, see for example [57] for recent review.
Note that, in [58] Castorina, Kharzeev, and Satz have conjectured that a QCD counter-
part of Hawking radiation by black holes provides a common mechanism for thermal hadron
production in high energy interactions, from e+e annihilation to heavy ion collisions. Our
result (6.1) is the AdS/CFT version of their conjecture.
7 Conclusion
We have shown that the large black hole branch of the non-extremal rotating black 3-
brane background solution (2.1) has pure Yang-Mills-like equation of state: the pressure
p vanishes at critical temperature Tc = Tmin =
√
2Λ, see Fig. 3; the trace anomaly − 3p
have a maxima around Tc and vanishes at very high temperature, see Fig. 4; and the speed
of sound c2s approaches its conformal limit 1/3 from below. In order to compare our results
with pure Yang-Mills theory on the lattice and improved holographic QCD see Fig.5-9 in
[12].
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We have also shown that the small black hole branch of rotating black 3-branes is
dynamically stable, and doesn’t suffer from Gregory and Laflamme (GL) instablity unlike
small Schwarzschild black hole with spherical horizon in AdS5 × S5.
And, we have conjectured that hadronization in N = 4 cSYM plasma is a holographic
dual to Hawking radiation from the large black hole branch of rotating black 3-branes
at freez-out temperature Tf = Tmin =
√
2Λ. The holographic hadronization proposed
in this paper can also be applied to other confining holographic models of QCD, such as
hard/soft-wall AdS/QCD, improved holographic QCD, Sakai-Sugimoto model, etc.
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